STUDENT REVISION SERIES

Specialist Unit 3 Revision

Complex Numbers
Simple Familiar

Question 1.

Evaluate the following: i + i2 + i3+ i* +---. 4+ %9 4 {1004 101

a) 0 b) -1 c) i d —i e) 1
Question 2.

Factorise the following quadratic into linear factors over C: z2 + 36

a) (z—36)(z+36) b) (z—6)(z+6)
¢) (z—6i0)? d) (z+60)?

e) (z—6i)(z+6iQ)

Question 3.
Solve the following equation forz:  2z2 = 4z — 10
a) —-1+2i, —-1-—2i b) —1+2i, 1+2i
) 1-2i,1+42i d —2-i, —2+i
e) 2—i, 2+i

Question 4.
Find all solutions of the equation z* + 822 —9 =0, z € C.

a) +9i,+1 b) +3i,+1 ¢ —9i 1 d 3i -1 e) 3i 1

Question 5.
Given that z = v/2 + +/2i, which one of the following points on the Argand diagram represents z2?

a O b) (i) Imni(z)
o) (i) d  (iv) (UF
a
e 4
) @ (il = 7
. .
fiw) {i}
== l' I 7 3 TRew)
2
3
.
v
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Question 6.
Given P(z) = 2z3 + 822 — 20z + 24 = 0, z € C. Which one of the following is a linear factor of P(z)?

a) z+1+i b) z—1+i c) z+1-—i d —-z-1-i e) —z—1+i
Question 7.

Solveforzz z3—3z2+5z—3=0, z €C

a) 1-+2i, 1++v2i, —1 b  —1-+2i, 1++V2i, -1

¢ —1-+v2i,—-1++v2i, -1 d 1-+2i, 1++2i, 1

e) —1—-+2i, 1++v2i, 1

Complex Familiar
Question 8.
The complex numbers z; and z, are given by:
zy =x+3iandz, =3 —2iwherex € Z.

1

=1

zZ
Z2

a) x= +1 b) x=1and2 ¢) x= 12 d x=+V2 e) x= +i

Determine the possible values of x, given

Question 9.

What is the sum of the complex roots of unity for the polynomial? z* = 1

a) 2i b) 2-—2i c) 2+2i d 2 e 0

Question 10.
Which one of the following represents the sum and product of the roots for the polynomial?

P(z)=z>+z*+ 23+ 22+ z+1
a) Oand1 b) -land-1 c) -land1 d 1land-1 e) O0andO
Complex Unfamilair
Question 11.

For the polynomial P(z) = z* — 4z3 + 7z? — 4z + 6, z=i is a solution of P(z) = 0. Determine a quadratic factor of
P(z) in the form of z2 + bz + c.

a) z2+1 by z2-1
C) z2—4z-6 d z?2-4z+6
e) z2+4z-6

Question 12.

Letz :iz+i2 Find the exact value of: z! x z2 x z3 x z* x ...x 298 x 2% x z100

a) 1 b) -1 c) —i d i e) 0
Question 13.

Given z = (1 + i)™, what value of n satisfies the following equation? |z| = 16

a) n=4 b) n=5 C) n=6 d n=7 e) n=8
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Answers

1. C 2. E 3.C 4.B 5.B 6. A 7.D 8.C 9.E 10.B 11.D
12.D 13.E

Question 1. Answer C

—

Each sum of 4 terms results in a total of 0. B e
Since 101 has a remainder of 1 when divided by 161
4. The sum will be equal to i* or i. "Ei[ iM)

e FETLZEL
Alternatively using sigma notation results in a |
sum of /.

Note: The real part of the answer is 4.9 x 10-12 which is
approximately zero, therefore the answer is simply: i

Question 2. Answer E

Can factorise by hand, in this simple example it NORMAL FLOAT DEC a+bi DEGREE HP n

will most likely be quicker.

LYSHLTZ AFF

1x2+ Bx+ 36=0

1861
wz=-61

[MATINTMODE ICOEFFISTOREIF (»D
Results obtained using the PLYSMLT2 Application.
These are the roots and need to be written as factors.

Question 3. Answer C

2 — 4, _ NORHMAL FLOAT AUTD o+bi DEGREE MP
272 = 4z — 10 (rearrange) ol L (2 : a
Use quadratic formula or factorise:

CxaB1421
=1-21

_ —b + Vb?—4ac 2 v
Z= 2a
4+ (92 —4x2x10
B 2 %2
_4++/-64
R, [MATNTMODE ICOEFFISTOREIF «»D1
_4£8i Results obtained using the PLYSMLT?2 Application.

4

=1 +2i
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Question 4. Answer B

z¥4+822-9=0

Lety = z2
y2+8y—9=0
@+D@y-1D=0
y=-9 y=1

Therefore z2 = =9 and z%> = 1
z=13i and z = +1

HORHAL FLOAT DEC o+bi DEGREE HF [I

FLYSHLTZ RFF
gaxttasxitazrxitaix+ae=0
=x1831

®xz="31%

%x3=1

x4="1

[MATNTMODE ICOEFFISTORE
Results obtained using the PLYSMLT2 Application.

Be careful with coefficient entry.

Question 5. Answer B

zZ = \/§+ \/2_1'

72 = (V2 + V21i)?

=(V2+ V2i)(V2+ V2)=V2 x V2 + V2 X
V242 X V2420 x 2

=2+4i -2

= 4i

NORHMAL FLOAT AUTO a+bi RADIAN HMP n

([Z+Zi)°

LA

Numerical result only, while it is possible to graph the
results, for something as ‘trivial’ as this that is not
necessary or appropriate.

Question 6. Answer A

There are two ways of doing this. First by using the
Plysmlt2 Application. Therefore, the factors of P(z) are (z
+6),(z-1+i)and(z-1-).

Therefore (z - 1 - i) is the correct answer.

Or by defining the polynomial P(z) and testing which multi-
choice answer results in a zero for P(z).

ORMAL FLOAT AUTO o.+bi DEGREE HMF M
LYSHLT2 APP

2x3+ Bx2z— 20x+ 24=D0
x1B-6

xz=1-1

wxz=1+i1

'P

[MATN Y MODE ICOEFFISTOREIF <»D

PLYSMLT2 will be able to obtain solutions and will
then need to convert into factors.
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Question 7. Answer D

As per Question 6 — There are two ways to solve the
problem. Check factors provided in multiple choice
reponses or use the PLYSMLT2 Application.

MORMAL FLOAT AUTO o+bi DEGREE HF
FLYSHLTZ AFF

1x3= Ixz+ Dx— 3=
xaBl

x2=1-1.4142135621
x3=1+1.4142135621

[MATN TMODE ICOEFFISTOREIF »D ]
Note — While the approximate values for the irrational
solutions are displayed, certain irrational numbers should be
recognisable including V2,3, 7 ande. and simple
multiples of these.

Question 8. Answer C

x+3i|_

3-2il
To divide by a complex number, multiply by the
conjugate.

(x+30)(B+2i)) 3x+2ix+9i—-6
(3-2003+2) 13

_3x -6+ (2x+9)i
- 13

3x—6 2x+9 .
= + i
13 13

13)2+(13)

_\/9x2—36x + 36 + 4x2+36x+81

|3x 6 2x+9 \/(3x 6 2x+9

169

13x2+117
169

13x2+117_1
169

Now

13x%24117
169

=1

13x% + 117 = 169

13x% =52
x%2 =4
x= 12

MORHAL FLOAT AUTO o+bi RADIAM HP n

P‘Intl Flote P"IntS

LR E

" X=2.000000000BDG1
bound={-1g99.1%%}

m C1 _C=ra

MORHAL FLOAT AUTO a+bi RADIAN HF n
SOLUTION IS HARKED =

n¥=-2, 0000000000003
bound={-1g99.1.9}
sE1-E2=0

[EOLVEl

The y= editor is a convenient location to enter the
equation. The numerical solver in the mathematics menu
can then be used to determine solutions. Remember that
only one solution is generated at a time. However, given
this is a multiple choice question, the responses indicate
that there are two solutions so restricting the domain or
changing the initial guess will help find other solution(s).
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Question 9. Answer E

e —] NORMAL FLOAT OEC a+bi DEGREE HF n
R o 24— 120 LYSHLTZ APP

earfange to. z- = 2 = - a4xi+arxi+azxi+aix+ae=0
This is a polynomial with all real coefficients, therefore will -1
roots will appear as conjugate pairs, the sum of which xz=11
must certainly produce no imaginary component. x3="11

wx4=1

[MATN T MODE ICOEFFISTORE

MORHAL FLOAT AUTO a+bi RADIAW HF I]

sum LAY

.8

It should be easy to add the solutions without using a
calculator, however the solutions can be stored to a list.
In this example they have been stored to list “A” and then
summed to get a result of zero.

Question 10. Answer B

Once again it should be apparent that the real
coefficients in the original polynomial will produce

LYSHLTZ APF
asx5+, +aix+as=0a

conjugate roots. - o x180.5+0. 86602540381,
In this example it is very useful to store the roots in a list x2=0.,5-0. 86602540381,
and use the tools available in the List — Math menu to x3=-1 .
find both the sum and the product of the roots. x4=-0,5+0.86602540381

Answer is -1 and -1 x5=-0.5-0.86602540381

[MATN T MODE ICOEFFISTORE

prod(BY
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Question 11. Answer D

By hand: The PLYSMLT2 can be used to find the roots, however a
Given z =i is a solution and all coefficients are real, | graph can be just as useful, particularly since the leading
the conjugate is a solution also: z =—i, therefore coefficient of the most significant power is 1.

HORHAL FLOAT AUTO a+bi RADIAN MP n

2% +1 is a factor. By progressive factorisation:
2" —-42°+77° -42+6

7°(z° +1) - 47> +62° - 42 +6

2°(z° +1)-42(z°* +1) +62° +6

2°(2* +1)-42(z° +1) +6(z* +1)

(z° +1)(z* -4z +6)

SCRTH-HE ’*?H*;‘IH*E?HH"H

b

e haad009 v=2
Dividing the original polynomial by ‘z* +1’ will produce a
quadratic. The turning point of the quadratic can be found by
calculating the minimum.

The resultis therefore: (z+2)° +2 =2 +zx+6

[Note the calculator uses x as the variable for graphs]

Question 12. Answer D

There are several ways to do this calculation.

Adding the powers 1+ 2 +3 + ...+ 99 +100 1.1 .
gives 5050. The Sigma template can be used to EIEVA
determine the sum is 5050. Q. 7071067812+0.70710678121
166
; z (N)
—+—)%050 = " S05@

: : : e 2n Z20E 11T

Or using the product tool (generate a list of values first) FORNAL FLORT AUTO asbi RAOION 1P [)

P.7071067812+0,.70710678121,
sea(®,®,1,1008,1)>0L1
f1.234567.82%19 11 1

rrod (HLI}

P

Question 13. Answer E

: HORHAL FLOAT AUTO o+bi RADIAN HF
By Hand: SOLUTION IS HARKED = n

As |z|=+/2 then itis relatively straight forward to
AN
extend this to |z|” = 2 and since 2¢ = 16, then it follows laa+id¥l=16
that |z|”* =16 therefore n = 8. *N=7. 9999999999998
) bound={-1g99. 199}
The numerical solve can also be used on the calculator. =E1-E2=0

[EOLVEl

© Texas Instruments 2020. You may copy, communicate and modify this material for non-commercial educational purposes provided all Author: Stephen Broderick

acknowledgements associated with this material are maintained.

i3 Texas
INSTRUMENTS



Vectors
Simple Familiar

Question 1.
Which one of the following Cartesian relations represents the path of the particle described by the position vector:

rit)=4 cos(”?t) i+ 3sin (%t)]

2 2

a) x* y? by «x2 y2 c) x% y? d x%2 y? e) y? «x
rtp=l ztyp=l e gt PV EE i
Question 2.
Which one of the equations represents the path of the particle described by the position vector:
r(t) = (t+ i+ (t? —2)j
a) y=(x+1)?2%+2 b) y=@x-1%2+2
) y=(x-1)2-2 d y=@+2)?+2
e) y=(x+2)2-2
Question 3.
The path of a particle is defined by r(t) = —2cos (%tji+ 4sin (%tj ]
What is the starting point of the particle’s motion and the period?
a)  -2i+0j and Z b)  2i+0jand 7
¢) 2i+0jand 4 d) —2i+0j and 4
e) 0i+2jand4
Question 4.
Find the acute angle, in degrees, between each of the following pair of vectors correct to 3 decimal places.
—2i+j+3kand - 2i—-2j+k
a) 26.402° b) 116.402° ¢) 63.598° d) 153.598° e) 126.402°
Question 5.
Determine the area (accurate to 2 decimal places) of the triangle XYZ with vertices X (1, 2, 3), Y (-1, 0, 5)
andZ (-3,4, 1).
a) 7.483 b) 11.83 ¢) 35.05° d) 70.03 e) 207.50
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Question 6.
Find a unit vector that is perpendicular to both aand b.

a=3i+6j+k
b =4i-2j+5k

a) 1 . . b) V2045 (32i+ 11j — 30k)
(32i + 11j — 30k)
V2045
¢) 1 . . d V2045 (32i—11j —30k)
(32i — 11j + 30k)
V2045
© L (32i—11j—30k)
V2045
Question 7.

The motion of two particles is modelled by the vector functions r4 (t) = (2t — 4)i + (12 — t?)j and
r(t) = (2 — t)i + 4tj where t= 0. Find the point at which the particles collide.

a) (8,0 b)  (0,8) ¢ (28 d (=0 e) (0,2

Question 8.

The motion of two particles is modelled by the vector functions r4 (t) = (2t — 1)i + (t? + 10)j and
ro(t) = (t + 2)i + 8tj where t > 0. Find the distance between the two particles when ¢ = 2.

a) 5 b) 5 0 V7 d 30 €) 949

Complex familiar
Question 9.

Consider the plane containing the pionts A (1, 2, 3), B (2,4,5) and C (-2, 1, 3).

Which one of the following represents a Cartesian equation of the plane?

a) 5—-2x+6y b) 5—-2x—-6y
zZ=—>= 7= 7
5 5
c) 5—-2x+6y d) 54 2x+ 6y
zZ= —>= = 7
-5 5
e) Z_5—2x—6y
B -5

Questions 10 and 11 refer to the following information.

A soccer ball is kicked from a starting height of 1 metre at a speed of 25 m/sec at an angle of 45° with respect to

the ground.
Question 10.
Find the maximum height (h) reached by the soccer ball and the time (t) at which it occurs.
a) t= 1.8sec,h = 31.8m b) t= 2secch =169m
c) t= 1.8sech = 169m d t=2sech =31.8m

e) t= 21secch=169m
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Question 11.

A 4 metre high fence is located 60 metres away from where the ball is kicked. What is the height of the ball when it
clears the fence?

a) 42m b) 43m c) 44m d 45m e) 46m
Complex Unfamiliar
Question 12.
An eagle is spiralling upwards on thermal currents on a path having a position vector:
r(t) = 10 cos(t)i + 10sin(t)j + t2k

For 0<t <6, find the maximum speed of the eagle during this interval and the time when its velocity is at
right angles to its acceleration.

a) 9.2m/s & 6msec b) 9.2m/s & 0sec
c) 39m/s & 6T sec d 39m/s & 0sec

e) 39m/s & Tsec
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Answers
/l1.B |2.¢ [3D |4C |5A |6E |7B [8B [9.A |10.Cc |11.D |12.D |

Question 1. Answer B

x=4 cos(”_t) and y = 3 sin (”_t) Using parametric equations
2 2

t . t
cos(”—) =2 and sin ("—) =2
2 4 2 3

since cos("?t)2 + sin (%t)Z =1
2 2

)+ ()=

X

E + ?;—2 =1

The conics Application can be used for the Cartesian
representation to confirm they are the same.

Question 2. Answer C

x=t+1
t=x-1
y=t?—-2 K
therefore y = (x — 1)2 — 2 /

Note: Students may be confused by the domain and
should expect that in an examination a domain
restriction may also be included in the responses.

The parametric equations can be graphed with resultant graph,
including the turning point location, producing: y = (x—1)* —2

Question 3. Answer D

X=-2 cos(%t) and y = 4 sin (%t)

tt X . Tt
cos(—) = = and sin (—) = =
2 -2 2 4

2 2
. t . t
since cos(";) + sin ("7) =1

Rir==2coslinTis, YivsHsinlimTis2)

<

X 2 y2_
() + G)r=1

LS

227" gz T Yo v=o

When t=0

r0) = -2 cos(”TXO) i+ 4sin (”TXO) Ji Using Trace with T = 0 produces starting point.

=.9j The window settings, specifically ‘t-max’ can be used to

confirm the period = 4.

The period is 2m + g =4
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Question 4. Answer C

cos(B) = o
 riieaisa SR o R 0 1
YD 1432 (274 (27417 e d2.02.10.
= 5 Vsum{La¥lzd
11.225 5 .Isurn{u ]!Jsum[Lz
® = cos™1( ) . . P.4454354032
11.225 coa< [ R TR Y B ]

= 63.598° .Isum[Li ]iiJsu.m[Lz

63.5488289

Vectors are not native to the TI-84PIlusCE. Itis
possible to place the coefficients into a list and then
use list commands to perform the calculations.

A more efficient approach would be to write a small
program (see below) ... or simply do the calculations
manually.

HORHAL FLOAT AUTO a+bi DEGREE HF [I

MHGML TUDE VECIOKE 1
3.741657387
MAGNITUDE VECTOR 2

ANGLE

3

63.5488009
CROSS-PRODUCT

{7 -4 6}
..Done.
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Question 5. Answer A

Using the cross product.
Solution provided via TI-Nspire for simplicity.

Whilst this question can be solved using the calculator’s
built in functionality, it would take some time!

JEEN’ *Doc rao [[l] X An alternative to using the cross-product would be to
o1 2 3] [1 2 2] calculate the magnitudes of the sides and then use
S Tk Herron’s formula.

oy=[-1 0 5] [-1 0 5]

The screen below shows the result of a simple Vector

oz=[-3 4 5] [-3 4 5] program that produces the cross-product and stores the
nonn(crossP(oy—ox,ox—oz)) 2. \/E result in Ly.

2

= NORMAL FLOAT AUTO a+bi DEGREE MP n

“+« O7077 7400

ANGLE
118. 1255057
CROSS-PRODUCT
{8 4 123
............................................ Done.
sum ( L‘l2 )
2
.............................. 7.483314774.
¥

Question 6. Answer E

Using the cross product.
a=3i+6j+k
b =4i—2j+ 5k

i j k
aXb=|[3 6 1
4 —25

a x b= 32i-11j-30k

Need the magnitude of the vector a X b in order to get

the unit vector.
la x b|=|32i— 11j — 30k]|
=4/322 4+ (-11)2 + (—30)2

=v2045

Unit vector is L

V2045

(32i — 11j — 30k)

Using a vector program:

HORHAL FLOAT AUTO a+bi DEGREE HFP n

[Nl p =1k I A W] By B Wilhr | WM L

6.708203932

ANGLE

83, 69063656
CROSS—-PRODUCT

{32 -11 -203
eteteeeairearaserarrressereinreesesen WANE,
32°+11%+30°

e 204D
[ |

The cross-product is generated using the program. The unit
vector for this cross-product can be determined manually or
by using the result. To see the exact value, do the
calculation without determining the rational approximation
for the result:

——(32i~11j-30K)

\2045
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Question 7. Answer B

ri(t) = 2t —4)i+ (12 —t?)jand Graphing the two equations in parametic
ro(t) = (2 —t)i+ 4tj
Equating i components. Kirs2l-y Yarz12-T2
3t =6 R
t - 2 , t t \\L\': i
Equating j components. \
(12 —t?) =4t 1=2
Use t = 2 to check H=8 Y=8
12— 22=4 x 2
8=8 The vectors equations can be plotted using the parametric
So particles are together at t = 2. function tool. A small AT will make the point of intersection
ri(t) = 2t —4)i+ (12 — t?)j obvious. Alternatively the trace function can allows users to
ri(2) =2 x2-4)i+ (12 - 2?%)j check the solution location. (see above).
r.(2) = (0)i + (8)j = 8j As can be seen from the trace: T=0,X=0andY =8.
ro(t) = (2 —t)i + 4tj
r2(2) = (2 =2)i+4 x2j
r,(2) = 0i + 8j = 8j
Coordinates are (0, 8) att=2
Question 8. Answer B
ri(t) = (2t — 1i + (% + 10)j Some questions are quicker ‘by hand’. However, if the
ro(t) = (t+2)i+ 8tj ‘distance between two vectors’ is stored as a GDB then the

calculator is reasonably efficient and provides a good visual
ri(2) =(2%x2-1)i+ (22 +10)j =3i+ 14j | of the scenario.

ri® = @+ i+ 4416 i 3806 L)

Flotl Plotz Plotl

r5(2) — r1(2) = (4i + 16§) — (3i + 14j) N-o¥1+ ENT-1

Y11 BT +10
r,(2) —ri(2) = i+ 2j l'ﬂﬁhgg;z
|T2(2) - 1"1(2)| =V12 + 22 l\){:: BT
=V5 Yar Bl (Xar=Xar )2+ (Yar=Yar?

INnKd4T=
Ye41=
war=T Yar=JHar-KiTd.,
A

| /_/ e
- 7//
N

T=2
=g Y=2.236068
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Question 9. Answer A

Using [2, -6, 5] and the dot product
2x —6y+5z=5

5—-2x+ 6y
5

7 =

Too save time, using the vector program the vectors entered
for Viand Vo are B—Aand A-C:

HORMAL FLOAT AUTO a+bi DEGREE MF [I

MHGML TUDE YECIOKE 1

MAGNITUDE VYECTOR 2
3.16227766
ANGLE

58.19389998
CROSS-PRODUCT
{-2 6 -5}

et DONE
[}

3

The equation to the plane is given by:
a(x—xy) +b(y—yy)+c(z-2,)=0
Where a, b & ¢ are from the cross product: ai +bj +ck

and Xo, Yo and z, are the components from any one of the
vectors A, Bor C: X,i + Y, j+Z,K
By hand, solve for z:

—2(x-1)+6(y—-2)-5(z-3)=0
Note: In the above solution vector A has been used, but the
same result is obtained if B or C is used.

S 5—-2x+6y

5

Question 10. Answer C

r(t) = (25 cos (g) t) i + (25sin G) t— % x 9.8t2 +

Dj

For the vertical component:
- LAV 2
y—2551n(4)t 49t“ +1

Maximum height occurs when % =0.

% — 25sin (%) — 98¢

0=25sm(§)—93t
25 sin (g) = 9.8t

_ 25 sin(%)

- 9.8
t = 1.80384 sec

y = 25 sin (g) x 1.8 — 49 x 1.82 + 1
=169 m

Flotl Flotz Flot3

0¥ 11 BZ25cos(45)T

Y11 B255in(45)T-4,9T*+1
B0¥zr=

Yzr=
BNK3T=

Yar=
BN 4T =

Y41 =

HORHAL FLOAT AUTO a+bi DEGREE HP n
Hir=2Bcos(HEIT  Yir=S2Esinl453T-4.

%5 a1a00s ¥=16.943805
Note that calculate > maximum is not available in
parametric mode, but it is multiple choice and quick to
substituted values for T.

Maximum height of 16.9 m at 1.8 seonds.
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Question 11. Answer E

x = (25 cos (%) t)
60 = (25 cos (%) ¢)

60

25 cos (%)
=3.394 s [Rounding Warning]

t =

Height = 25 sin () x 3.394 — 4.9 x (3.394) + 1
=4.54 m [Rounding Error]

When approximate values are used repeatedly in a
calculation the errors can be compounding. Note that in

122

this example t ~ 3.394. The exact answer is ——

which means t ~ 3.3941125496954...

The value for t should be stored and used in the
calculations as shown opposite. As the multiple choice
responses provide options for 4.5 and 4.6 the latter
should be chosen as rounding 4.552 produces 4.6 as the
preferred answer.

It is rare for examinations to focus on this level of
accuracy, however it is good practice to retain as much
accuracy as possible during calculations by storing
results.

The calculate option in the Parametric Graph mode is
available for T only.
Use the numerical solver:

HORHAL FLOAT AUTO a+bi DEGREE HP

SOLUTION IS HARKED = n

x17=60

n T=3.3941125496954
bound=0-1g99. 199}
sE1-E2=0

This value can now be substituted into Y1. Remember that
the value for T has already been saved.

MORMAL FLOAT AUTO o+bi DEGREE HP n

T
e a0 837411205
Yir (T)

OO ORUURUPRUORSOURONt. %= = -
|

Question 12. Answer D

r(t) = 10 cos(t)i + 10sin(t)j + t’k

v(t) =7 (t) = —10sin(t)i + 10 cos(t)j + 2tk
a(t) = #(t) =-10 cos(t)i — 10 sin(t)j + 2k
Speed = |v(t)]

=/ (=10 sin(t))? + (10 cos(t))2 + (2t)2
=,/100 (sin(t))2 + 100(cos(t)? + 4t2
=,/100(sin(t))2 + (cos(t)?) + 4t2

=100 + 4t?

The speed is always increasing over the interval, so the maximum speed occurs

at t = 6m seconds.
Speed =/100 + 4 X (6m)2
= 39m/sec

Velocity and acceleration at right angles when the dot product = 0.

v(t)- a(t) =0

—10 sin(t) X -10 cos(t) + 10 cos(t) X —10 sin(t) +2tx 2 =0

100 sin(t) X cos(t) — 100sin(t) X cos(t) +4t =0
4t =0
t = 0 seconds

The velocity and acceleration are at rightangles at the start. (t = 0)

There are no conventional ways
this can be done on the TI-
84PlusCE as the vectors are three
dimensional which in turn
eliminates the parametric
equations.

Students need to do the calculus
components by hand leaving on the
expression:

\/100+4t* which can be resolved
on inspection as an increasing
function, therefore the maximum
occurs when t = 6r
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Matrices
Simple Familair
Question 1.

Use a one-step and two-step dominance matrix (D + %DZ) to rank the four players w X
(W, X, Y and Z) who competed in a round-robin competition represented by the digraph.

The ranking from best to worst is: ’ "o
a) ZWXY b) ZWYX c) WZXY d  WZYX e) WYXZ
Question 2.

Five teams competed in one round of a Futsal competition, with each team playing every
other team once. The digraph represents the results of the competition.
Use the weighting D + %DZ + %0D3 applied to the dominance scores to determine the
overall ranking of the teams.

Which one of the following represents the ranking of the teams from first to last?

a) BDAEC b) BEDAC ¢) EBDAC d) EBDCA e) EBCAD
Question 3.
Researchers found that a colony of bats live for only 3 years. Birth rate and death rate information is contained in the
table below.
Age Group 0-1 year 1-2 years 2-3 years
Birth Rate 2 4 0
Death Rate 0.4 0.3 1

Which one of the following is the Leslie matrix which represents the information contained in the table?

Al B. C. D. E.

2 40 2 4 0 2 4 0 2 4 0 2 4 0
06 00 04 00 06 07 0 06 0 0 0 0 0
07 00 03 00 o 0 0 0O o7 0 06 070
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Question 4.

Given the Leslie Matrix L and the initial population P,:

10 8 6 100
L=1]08 0 0| andF, =80

0 03 0

Which one of the following represents L2 P,?

A B c D E

1700 17784 1700 17784 1700
80 1360 1360 1630 80
24 24 24 24 0
The Leslie Matrix L and the initial population P, represent a female rat population which have a lifespan of 3 years.

16 42 1.2 20
06 0 0 |and R=|12
0 05 0 6

The rat population is divided into 3 age groups- young, juveniles and adults with each age group
representing 1 year. How many years will it take the female rat population to pass 1,000,000 in number?

Question 5.

a) 11 b) 12 c) 33 d 36 e) 39

Question 6.

The birth rate and death rate for a certain species of grasshopper is given in the table below.

Age (months) [0 -3 3-6 6-9 9-12
Number 18 26 15 8
Birth rate 0 1.5 2.3 0
Death rate 0.3 0.2 0.4 1

Which one of the following represents the long-term behaviour of the population? In other words, what
percent does the population growth rate approach?

a) 125% b) 130% 0 135% d  140% e) 145%

Question 7.

Determine the unique solution for the system of equations below by using an augmented matrix and the Reduced Row
Echelon command rref{ .

x—y+2z=7
—x—2y+3z=4
—2x—2y+z=-6

a xyzn=(27314% b) &y2z)=(2-3-4)
) xy.z)=(2-3-4) d &y2=(2-34)
e) xy2)=(23,-4)
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Complex Familiar
Question 8.

A kangaroo population is described by the data below.

Age (months) | 0-3 3-6 6-9 9-12
Number 18 26 15 8
Birth rate 0 1.5 2.3 0
Death rate 0.3 0.2 0.4 1

For this changing kangaroo population, the growth factor is defined as the ratio of the total female population
at a given period Pn+ 1to that of the previous period Py for large N, that is:

R= %, N = 0. Foran increasing population R > 1.
N

To maintain a controlled, stable population (R = 1), a harvesting or culling factor A is applied
such that:

h=1-2
R
Which one of the following represents a suitable culling factor?

a) 125% b) 130% ¢ 135% d 140% e) 145%

Question 9.

Use row operations to solve the following system of equations:
xX+z=2y-2
3x + 5y =20 -2z
S5x+2y—3z=27

Py =G) D =20
V=G ) ey= (22T

-15 -9 -5
) (xy,2)= Cratintow,
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Answers

LA |2E |3D |4B [5C |6D |7A [8E |9.A |

Question 1. Answer A

The matrix A represents a one-step dominance. NORMAL FLOAT AUTO as+bi DEGREE HP

Matrix b is used to help collate the total of the one-step HHBTRIXEH] 4 1“4 0
dominance and two-step dominance matrices. : g : 5
1 0 1 ]

(A +0.25 A2) x B will tally the results for ranking.

HORMAL FLOAT AUTO o+bi DEGREE HP n

The result shows the rankings are:
Z,W, X and Y. HFIITRIX[B:I 4 x1

1
i
1

MORMAL FLOAT AUTO o+bi DEGREE MP n

(CA1+.25CA1°)xCB]

.5
.5
5
2.,

2
1
1.2
42n7

Question 2. Answer E

MORHMAL FLOAT AUTO o+bi DEGREE HP n

First determine and define the one-step dominance MATRIXLAT 5 XSH ]

matrix A.

bk T 6 ek TR
D e
L -
Lt N
O A O ek D

Apply the weighting and multiply by the column vector
B to summarise the information.

PZE%
o S STSSTUSTSURRTTURRURTR V-9 s=1
Ranking isE, B, C, A, D (CR1+.5CA1%+.1CA1°)*[B]

4

WX
U N W
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Question 3. Answer D

This question does not require calculator functionality, it
has however been included here as a precursor to
subsequent questions that assume you can generate the
Leslie Matrix from the given information.

Question 4. Answer B

10 3 6 10 8 6 I\B/Iaztrlgcjes defined as shown on the left with A = L and

= 08 0 0 08 0 0 NORHAL FLOAT AUTD a.+bi DEGREE HP '
| |
0 0.3 0 0 03 0 [AT2x[B]
7 17784

100 100 l 1360 }
p=| go 80 i S

10 10 |
2 17784,
“r Ilzﬁn.

24,

Question 5. Answer A

First define the Leslie matrix (L) and initial population The same calculator approach shown on the TI-Nspire can
matrix Po. be used on the TI-84PlusCE.
An alternative, visual approach can be used in the Y= editor.
Try some values in the multi-choice answers, for The bulk of the expression is the same, with two main
’ differences:
xample when n =9 (27 years) an
ﬁ =a12p(%6 gars) 9 (27 years) and DET = Determinant (Numerical quantity)
y ' INT = Integer (Only integer powers permitted)
Use a row matrix to determine the total sum.
e a2 12 16 4.2 1.2] PeTTTEE—
=los 0 0 0.6 0 0 B Py S et
0D 05 O 0 05 0| l\YlﬂdEt([C][H]mHHEEEJ].
20 20 TS DU TR
6 6
o112, [2.99812¢e6]
el [1.52838e6) : —
e p [223347.] : N
e=[1 1 1] [1 1 1] Iy
e ',ll.‘.h p [534354*] Note: The determinant of a 1 x 1 matrix is a neat way of
simply extracting the numerical quantity.
Using integer (INT) makes it easier to see the graph.
Use Trace to locate the first time the population exceeds
1,000,000
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Question 6. Answer D

First determine and define the Leslie matrix (L) and | With matrices defined in A, B and C, the long term
the initial population matrix (Py) behaviour can easily be observed by progressively
Also define matrix e so the population in each increasing the value of x in the ratio (below).

interval can be summed to get the total population.

MATRIXLA] 4 x4
8 1.5

23 0
, , o 8.7 0 0 0
Determine the ratio of a long-term distributions, say g g-ﬂ : " g

20 and 21 cycles.

Eg —-2 x 100 = 140.3%
L20p, \ e vera b EA St Pe Es bR Kee re b na e resennne snreres TR
det {pereon1®tlee1 )
det { ceaxra1®oen )
Therefore % increase is 40.3% Shsy T An AERERRGRS,
det L rcaxon1® el )
det { coawoaa®oes )

1.402673483

Question 7. Answer A

From using the rref() command:

x=2,y=3andz=4

[
-1 2 3 Y

-z 2 1 ]

MORHMAL FLOAT AUTD o+bi DEGREE HMP n
S N
det {reaxrar®* gl )
det {ccixea1®e1)
e 1 D26 79489
rref{[A]1)
l@ge?2
[E 12 3]
18 8 1 4]
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Question 8. Answer E

First define the matrices L, P, and E. D 0 39 27 0.9 2400
05 0 0 0 O 2500
B=lo 08 0 0 0| Po|2300| em=f[1 1 1 1 1]
0 0 07 0 0 1750
Determine long term growth rate. 0 0 0 04 0 650
Eg L5 x 100 = 130.05
|
... 12 3085484173
L3P, So%X =15
0
Eg 50p, 100 =130.07 T e L P
det (rcixean®ee1)
.....1.300510/78
1~ e
Nowh =1 -~ and R ~1.301 e 82 2810713489
h=1-—
1.301
h=0.231 Note the use of [Ans] to access the result of the previous
Culling factor should be 23.1% calculation, the previous calculation can also be pasted or accessed
by using [RCL] + [Ans]. Performing calculations using this technique
maintains maximum accuracy.
Tip: The numerator from the expression for the long term
relationship can be used in the Y= editor. By using the numerator
only, calculating Y1(50)/Y+1(49) would determine the long term ratio.
As an equation in the Y= editor, it can be stored as a very useful
Gaphical Data Base which could consist of multiple, similar
expressions!
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Question 9. Answer C

. f f T T A = = T = ae = |
First rearrange the equations so the variables

are all on th.e left-hand side and the constants MATRIX[AT 3 x4
are on the right. (1 1 -2
Cm2y+z= 2 A

3x + 5y + 2z =20
5x +2y—3z=127

MORHMAL FLOAT AUTO a+bi DEGREE HP n

Define an augmented matrix M TTIT I
*row+( -5, [A1,1.3)3[R1
[1 -2 1 -2]
Use row operations S 152 -28 gg

-5 X R1+ R3—Rs *rowt+( -3, [A1,1,2)2[R1
-3 X Ri1+ Rz—-Rz [1 -2 1 -2]
@ 11 -1 26
18 12 -8 371

MORMAL FLOAT AUTO as+bi DEGREE HF n

LUl B WL 8 AR LA L FL FFLMIA

[1 2 1 -2]

-ng2+Ry+R3

11 -1 26
i, k@ 12 78 37

—76 xrow+( -2, [A1,2,3)>[A]

1 -2 1 -2]

B 11 -1 26

2 0 "% 1

Rz +R2—> R,
HORHAL FLOAT AUTD a+bi DEGREE HP

1 -2 1 -2]
B 11 -1 26
srow( -3=.[A1,3)

211 1 26
e @ 1 -I

1
HXRZ _)RZ

This process can continue until the final matrix consists of a leading
diagonal of ones. It is important to note however that for a multiple
choice question it is only the final answer that is viewed, so RREF
could be used in preference in this case.
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