STUDENT REVISION SERIES

Graph Sketching Part 2

Each of the questions included here can be solved using the TI-Nspire CX CAS.

Scan the QR code or use the link: http:/bit.ly/GraphSketchingP?2
Question: 1.

The graph of f (x)=

1
x®—6x%+3x+10

has four asymptotes. Find the equations of these asymptotes.

[=]2; 25 [m]

kol

has exactly two vertical asymptotes, state n in terms of m .

Question: 2.
3

If the graph of g (x) = 3 —AmxXZ + 2nx

Question: 3.

Find the coordinates of the stationary points of the graph of h (x) = 16 and state their nature.

X3 —6x?+9x+16
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Question: 4.

et f:D >R, f(x)=ﬁ.
X" —oX+

a. State D, the maximal domain of f .

b. State the equations of the asymptotes of the graph of y = f (x) :

c. Find the coordinates of all axes intercept(s) of the graph of y = f (x) .

d. Use calculus to find the coordinates of all stationary point(s) on the graph of y = f (x) , and state their nature.

e. Sketch the graphof y = f (x) on the axes below, labelling axes intercepts and stationary points with their

coordinates, and asymptotes with their equations.
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Question: 5.

23 —7x* +2x+5
in the form ax+b+i+

Express the function and hence state the equations of all

x> —5X+6 x-b x-a
2x3 —Tx* +2x+5
asymptotes of the graph of y = > .
X°—5X+6
Question: 6.
4x
Show that the curve with equation y = ——————has no vertical asymptotes.
X°—6x+11
Question: 7.
x* —16
Find the coordinates of all stationary point(s) and point(s) of inflection on the graph of f (x) = i
X

Question: 8.

8 _ w4
Consider the function with rule 'y = overtherange Yy [—\/1_7 , \/ﬁ ] . The domain may be expressed in the

2x°

form xe[—\/a+\/1_7,—\/a—\/1_7}u[\/a—\/1_7,\/a+\/1_7},where a > 0. Find the exact value of a.
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Question: 9.
x*+4x*-3x-18
x* —4 '
a. Factorise the numerator and denominator of f , and hence state the maximal domain D .

Let f :D>R, f(x)=

b. State the equations of the asymptotes of the graph of y = f (x) :

c. Find the coordinates of all axes intercept(s) of the graph of y = f (x) .

d. Use calculus to find the coordinates of all stationary point(s) on the graph of y = f (x) , and state their nature.

e. Use calculus to show that the graph of f has no points of inflection.
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f.  Sketch the graphof y = f (x) on the axes below, labelling axes intercepts and stationary points with their
coordinates, and asymptotes with their equations. Ensure all discontinuities are shown and labelled.

Y

0]

(@)}

B

o

(]

N

g. Show that the tangent to the graph of y = f (x) at the point where x = —g passes through the origin.
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Answers
Question 1 x=-1,x=2,x=5,y=0

Graph Ske..t2 RAD [] X

Define the function. can be used to get :=

1 Done
A: 2 2 The denominator can be factorised using the factor command ([menu)(3](2)).
x“=6"x“+3-x+10
factor{fx) S S To extract the denominator, use the getDenom command ((mend](2)(7)(3)).
(x-5)- (c-2)- (+1)
solve(getDenom(f(X))=0rr) To find the roots of the denominator, use the solve command ([meny(3)(1]).

x=-lorx=2orx=5 §| The (vertical) asymptotes of the graphof f are x=—1, x=2, x=5
and the (horizontal) asymptote is Yy =5.

Question 2 n=2m?

m 2.1 Graph Ske..t2

When defining the function, ensure that multiplication signs are placed
especially between two variables (suchas m- x> and n- Xx).

3 D
g (x}- one

x”-4-m- x2+2- nx

factor(getDenom(g () . (x2-4~ me x+2: n) When the denominator (a cubic) is factorised, the product of a linear ( X ) and
quadratic ( X* —4mx + 2n ) is obtained.
x =0 is therefore always a vertical asymptote, so for a total of two vertical

© 1_\.=b2 —4ac=0 for one solution to quadratic

Solve((-4' m)?-4-1: 2 n=0.n) n=2-m* asymptotes, the quadratic is required to have one root (that is, the discriminant
is equal to zero).
. - 4 .
Question 3 Local minimum at 1,g ; Local maximum at (3,1)

mm KRN ) Graph Ske..t2

16 D
hlx): - one The zeros command ([meny(3){4]) provides the roots of an expression as a list.
X2 =6+ X249 x+16
zemS(i(h(x));c) {13} A quick way to access the derivative command is (eshif(=].
{13} 4, The list outputted from the zeros command can be used as an input into the
5' function to generate all 'y -values of stationary points at once.
2 Ay To obtain the nature of the stationary points, a graph of y =h (x) is useful.
4
- i 4
£1(x)=h(x) Alternatively, the second derivative can be used to find the nature of the
. stationary points. Recall that:

{ . _3} h"(a)>0=>(a,h(a)) is alocal minimum

A2 Mend 1.2 .
& dxz(h(xnk {13} = 8 h”(a)<0:>(a,h(a)) is a local maximum
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Question 4

| EEREEREE]) Grarh Ske.t2 rao [1] X JIPY
8 Done
r(X)'-xz—s- x+12
domain(j(x),x) x#2 and x#6
Ao) 2§ b
3
solve(f{x)=0,x) false .

| mm FRN ) Graph Ske..t2

D=R\{2,6)

The maximal domain of f is dom f :R\{Z,G}.

The domain command can be obtained from the catalog ([=)).
The horizontal asymptotes are X =2 and X = 6. The vertical asymptote is
y=0.

There is only one axis intercept: the Y -intercept. The graph of y = f (x)
does not have any X -intercepts.

Local maximum at (4,-2)

f'(x)=0 when x=4,and f (4)=-2.

f"(4)=-1<0 so local maximum at (4,—-2).

See CAS graph.

Relation mode ([meny)(3](2]) is used for graphing asymptotes X =2 & X =6.
Trace ([meny)(5)(1]) is used for plotting the Yy -intercept.

To plot the stationary point, use Maximum ([menu)(6](3]).

Atfter the Window Settings are changed (to match the axes provided in the
question), grid lines can be shown ([menu)(2](6](3)).

This ensures that the CAS screen resembles the provided axes and desired
output as closely as possible.

BAY !
e :
o (0,2) i (4,-2) y=0 12
3 :
\'=2§ x=6
- !
y
8
6--
.4__

| ¥X

4 2 0 4 ( 8010 12
(4,-2)

R
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x =2 x =06
8
v v
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Question 5

mm RN » Graph Ske..t2 RAD [] X
3 2
2: X" =7 x“+2: x+5
expand
>
x“=5x+6
3 2
——t——+t2r x+3
x=2 x=3
3 2 x#2 and x#3
domain|——+——+2-x+3,x
x=2 x=3
Question 6

EEREEREER) Grorh She-t2

( 4 x 4-x
factor| —x
x2-6-x+11 x%-6-x+11
4- x

completeSquare getDenom( X

2

xX“-6-x+11

( -3)24-2

(-6)2-4-1-11 -8
Question 7

<} Done
x“ =16

)= ..

ad 2 x=-2and y=3 i
4 solve {jx(f( ))-0 Axo}

=(x)

2
solve ;(I(X)FO ,{x,y}
A =Ax)
1
x=2+2 3 and y=0

Question 8 a=5

so]ve(f.f [,r]:+ 17 ,x) x="

(-fs-17 7

!]17 +5 orF’iS—]l'E’ urx=,|'3—]17 ur1=”17+5

X=2,X=3, y=2x+3

The expand command ([meny)(3](3]) is used to simplify the fraction by
performing both division and partial fraction decomposition.

3 and
X—2 X—3

asymptote is y =2X+ 3.

As X — Fo0, both

approach 0, hence the oblique

The domain command can be used to find the equations of vertical
asymptotes, which for this function are x =2 and x = 3.

A graph may be used to verify these asymptotes.

There are multiple ways to show that the given curve has no asymptotes.

The factor command can be used, which shows that the expression is not
factorisable.

The denominator can also be extracted and converted to turning point form,
showing that the quadratic has no real roots.

Finally, the discriminant of the denominator can be evaluated (negative).

Stationary point (—2,3) [Local minimum] and Point of inflection (23/5,0)

Define f (X) in the usual way.

To find the coordinates of stationary points, solve a set of simultaneous
equations with f'(x)=0 and y = f (x). This will output the stationary

points as ordered sets of X & Yy values which are coordinates.

To find the coordinates of points of inflection, solve a set of simultaneous
equations with f”(x)=0 and y = f (x). This will output the stationary

points as ordered sets of X & Yy values which are coordinates.

Solving f (x)=0 for X resultsin x =+ 5-17

and x:i«/5+\/1_7.

|
-y 17/+5 ,-17

17 A1

(JJ1_7+5\J1_7)

gt Sketching the graph of y = f () over the domain
2 xe| VB A7, 6~ VA7 || BT 57 |
1 shows that the range of the graphis y [—«/]7, «/]7}

as expected.
Therefore a =5.
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Question 9

EANEERRRY > Grovh Ske-t2 BB = (x-2)(x+3)"; (x-2)(x+2); D=R\{-2,2}

3,42 D
o)y X 73 x18 e The numerator and denominator share a common factor (X —2), therefor
2_
xod they cancel outin f (x) , causing a point of discontinuity (a “hole”) in the
actorbe +4 x2-3- x—lS) (x=2)- (x+3)2 graph of y = f (x).
2 -2)- (e+2
fa°t°’(x ‘4) b2} bes2) Furthermore, due to the presence of (X +2) in the denominator, this leac
solve((x-2)- (x+2)=0,x) x=-2orx=2 to a vertical asymptote with equation X =—2 . Hence, the implied domain
domain(}‘(x),x) x#-2 and x#2 Dis D=R\ {—2, 2} .
« EXBEEIERR) Groh ke 12 iR b x=-2, y=x+2
2 - X2 + 6X
A ) X 46 xt9 f (x) simplifiesto f (x)= X +6x+9 . This can be expanded via lor
x+2 X+ 2
a(4) . division or the expand command to give the equations of the asymptotes a:
a =" —2+x+4 y = X+4 (oblique) and x =—2 (vertical).
o Gy
9
A0) 9 || c. The y-interceptis | 0,— | and the X -interceptis (—3,0
- 2
2
AN solve(f{x}=0,x) x=-3
B : d. Local maximum at (—3,0), Local minimum at (—1,4)
<4 Sigex+3 *
A ax (Ax)) X TEXTS ) 4 3
2 . X*+4x+ . .
(x+2)? Using calculus, f ’(X) = W The roots of the first derivative ar
X+
d
A solve LZMX)FO Axo} X =-=3 and X =—1. The second derivative evaluated at these X -values
=Ax) respectively are negative and positive respectively.
x=-3 and y=0 or x=-1 and y=4
2 {-2,2} *
& = {f){-2-1} 5
dx e. Using calculus, f”(X)=-——— which has no solutions when equate
, ) (x+2)
o E(f{x)) (x+2)* to 0. Therefore there are no points of inflection on the graph of y = f (x)

| f. See CAS graph.

Relation mode ([menu)(3](2]) is used for graphing asymptotes x =2 &
X=6.

Trace ([meny)(5)(1]) is used for plotting the Yy -intercept.
To plot the stationary point, use Maximum ((menu)(6](3]).

h A

— — After the Window Settings are changed (to match the axes provided in the
- (-2.0) | -1 question), grid lines can be shown ([meny)(2](6)(3]).

‘ This ensures that the CAS screen resembles the provided axes and desire

output as closely as possible.
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=)
FAN y=tangentLinekx),x=—
2

y=-3- xx=0

The tangentLine command ([menu](4](9]) can be used to find the equation of

the tangent to the graph of y = f () at the point where X =— g

ensuring that the command is preceded by “y =". Then, X =0 may be
substituted in to confirm that the tangent does indeed pass through

0(0,0).

The tangent can also be added to the graph of y = f (X) , by pressing

3
(menu)(8](1](8) and placing the tangent on the point where X = —E. It may

. 3. .
be necessary to edit the X -value to exactly —— if required.

Following this, a point can be placed on the origin showing the result.

y

-2 0
21
x==:2
4
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