STUDENT REVISION SERIES

FURTHER CALCULUS & INTEGRATIO

Each of the questions included here can be solved using TI-Nspire CX.
Question 1
Find the gradient of the curve y = sin(2x) — 1 at (0,-1).S

Question 2
Find the equation of the normal to the curve y = e* + 2 atx = 0.

Question 3
A population of bacteria after ¢ hours is given by P(t) = 5000e%'8t. Calculate the rate of increase of the population (to
the nearest unit) at 15 minutes.

Question 4
A particle moves along the x-axis with position at time, t, given by x(t) = -et cos(t) for 0 < t < 2. Calculate each time,
t, for which the particle is at rest. (hint: use maximum and minimum)
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Question 5

The number of rabbits increases according to the model n(t) = Aebt, where t is time in years, n(t) is the population size
attime t, A is the initial size of the population and b is the relative rate of growth.

Rabbits were introduced to a small island 7 years ago. The current rabbit population on the island is estimated to be
3600, with a relative growth rate of 45% per year.

Determine when the population is increasing at a rate of 5000 rabbits per year.

Question 6

Rainwater is being collected in a water tank. The rate of change of volume, V litres, with respect to time, ¢ seconds, is
3 2
CL % + t . Determine the volume of water that is collected in the tank between =2 and t=5.

given by Z—Z =

Question 7
Find the value of [ (2x — 3x2) dx

Question 8
Find the value of f_11

eX+e™*
2

dx
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Question 9
A particle moves in a straight line. The velocity of the particle, v m/s, at time, t seconds, is given by v=2t-3 for t 20. Find
the particle’s displacement after 4 seconds.

Question 10
Heat escapes from a storage tank at the rate of ‘Z—}: =1+ %sin(Z—;) kilojoules per day. If H(t) is the total accumulated
heat loss at time t days, find the amount of heat lost in the first 150 days.

Questions used in this worksheet were sourced from/inspired by:
e  https://www.gcaa.qgld.edu.au/senior/senior-subjects/mathematics/mathematics-methods/assessment
e Mathematical Methods Units3 & 4 for Queensland, Cambridge University Press
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https://www.qcaa.qld.edu.au/senior/senior-subjects/mathematics/mathematics-methods/assessment

STUDENT REVISION SERIES

Mathematical Methods
Unit 3: FURTHER CALCULUS & INTEGRATION

SOLUTIONS

Question 1

Find the gradient of the curve y = sin(2x) — 1 at (0,-1).

Gradient of graph is equal to the value of the derivative at the point (0,-1). Need to find derivative at point.

Gradient at (0,-1) = 2.

Option 1 — Graph Page:
Enter function

Menu - >Analyze Graph -> dy/dx

Place point at x=0

% 1 Actions
B 2 View ’
A 3 Graph Entry/Edit »

Q 4 Window/ Zoom *

5 Trace
'd

7 Table

&0 1 Zero
M 2 Minimum
% 3 Maximum

Option 2 — Calculator Page:

Use template key

Choose derivative, Enter function followed by condition
x=0

. x
% 8 Geomety > 4 Intersection 13
50 setings., 1o 3,14 1.57 6.28
Gt b 6 Integral /
/& 7 Bounded Area
3 © 8 Analyze Conics * ¥]

F 0w FEEE E N
o Bdlea B B £e do 4o 4 fin
Pz 1% B

Question 2
Find the equation of the normal to the curve y = e* 4+ 2 atx = 0.

Equation of normal y = mx + ¢ Graph Page:
m, = — me =1
n me
dy -1
mt—aatx—o My = = ‘ :
_1 10 1 10
=T
m, = -1 6,67
Point (0,2)
y=mx+c
2= -1%x0+4+c
2=c
Equation of normalis y = —x + 2
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Question 3

A population of bacteria after t hours is given by P(t) = 5000018 Calculate the rate of increase of the population (to
the nearest unit) at 15 minutes.

Rate of increase of population is the value of derivative at t = 0.25 (15min is % of an hour)

Option 1 — Graph page: Option 2 — Calculator page:
m Graph the function Use template key
= .4  Change the window Choose derivative, Enter function followed by

condition x=0.25

941.425

3
i(500-:)- o018 x]k-o‘zs
dx

f1(x)=5000- €18 % |
Menu->Analyze Graph->dy/dx |
- IR Pace point at x = 0.25

Rate = 941 Rate = 941.425 given it is bacteria the solution is:

1 The rate of increase of the | The rate of increase of the population is 941
: oo 000 e o0 lation is 941 bacteriashour | Pacteriafhour after 15min

at 15min

Question 4

A particle moves along the x-axis with position at time ¢ given by x(t) = -et cos(t) for 0 < t < 2m. Calculate each time ¢
for which the particle is at rest. (hint: use maximum and minimum)

Particle is at rest when the derivative = 0 (stationary point)

Graph the function

Change the window settings

T - (,_J; Derivative = 0 at stationary points
fllx)=-e" - coslx, . . . o
‘ Stationary points occur at maximums and minimums

4 1 Actions Lt

s G By Menu->6:Analyze Graph->2:Minimum
raph Entry/Edit * . .
gg TWindowIZuom N1z Identn‘y boundaries
U5 Trace b m‘”“
ég :n:Fng"ph |"ﬂ=m 3 Maximum
5 Geomewy & IMesecton Menu->6:Analyze Graph->3:Maximum
©9 Semings w6 Integral Identify boundaries
/A 7 Bounded Area

20 © 8 Analyze Conics *

[ TR The stationary points are at (0.785,-1.55) and (3.93,35.9)
%.93,35.9) The particle is at rest when t=0.785 and t=3.93
5 s
; t=g t=T” (found by dividing x values by n)

> (0{755“.-*155) ;‘1(v)=—e“- o5l
k
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Question 5
The number of rabbits increases according to the model n(t) = Aebt, where t is time in years, n(t) is the population size
attime t, A is the initial size of the population and b is the relative rate of growth.
Rabbits were introduced to a small island 7 years ago. The current rabbit population on the island is estimated to be
3600, with a relative growth rate of 45% per year.
Determine when the population is increasing at a rate of 5000 rabbits per year.
n(t) = Aeb where t= 7 n(t) 3600 and b=0.45 , find the value of A
‘Doc Using Calculator page
nSotvelx €045 7 _3600,4) 154268 | Menu->3:Algebra->1:Numerical Solve
| A is the initial size of the rabbit population so must be a whole number
A=154

n(t) = 154045t
Determine when n’(t) = 5000
n'(t) = 0.45 % 154045t

Graph page Calculator Page

Fw Enter derivative function Use Numerical Solve

T Enter f(x)=5000 Enter 0.45*154045x=5000
£2(x)=5000

Find Point of Intersection

nSolve(OAS- 154- ¢0-25" "=5000,x]
9.50833

f1e)=0.45- 154- 045X

Menu->6:Analyze Graph->4:Intersection

11
5000 r

(9.51,5e+3)

f2(x)=s000

Intersection is at =9.51

Solution is t=9.5

Therefore the population will be increasing
at a rate of 5000 rabbits/year during the
10t year.

£1(x)=0.45- 154 @045
will be
5000

Therefore the population
increasing at a rate of ==
rabbits/year during the 10t year.

Question 6
Rainwater is being coIIected in a water tank. The rate of change of volume, V litres, with respect to time, t seconds, is

given by Z—Z = ZL + 3 + t . Determine the volume of water that is collected in the tank between =2 and t=4.

Integrate to find equatlon for Volume of water (V), then find V when t=2 and t=5, calculate the difference.
OR use Integral between t=2 and t=5

Graph Page Calculator Page
& Graph function WEE  Using template key
Menu->6:Analyze Graph->6:Integral I L P
Lowerboundary = 2 vime om s res 2@ | Choose Integral
Py B
Upperboundary=5
aid s Enter function with end
SR Integral is | points
171 RIS
There would be 171L EE of water Integral is 170.5
collected between 2 and 5| There would be
seconds. o ) approx. 171L of water
— — collected.
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Question 7

Find the value of [ (2x — 3x2) dx
Calculator Page:

Use template key

I Lt *Doc

s L “| Choose Integral
L(Z-x-“”'s)dx Enter integral
| 4 )
J (Zx - 3x5) dx =1
1
Question 8
Find the value of [ —— dx

Calculator Page:

Use template key
1 ‘ 22504 Choose Integral
ax Enter integral

| 1 ex _l_e—x
[ () i = 23s
i\ 2

Question 9

A particle moves in a straight line. The velocity of the particle, v m/s, at time, t seconds, is given by v=2t-3 for t 20. Find
the particle’s displacement after 4 seconds.

Displacement = [ velocity

Calculator Page:
Use template key
Choose Integral
Enter integral

f4(2t —3)dt =4

The particle’s displacement after 4 seconds is 4m

Question 10
Heat escapes from a storage tank at the rate of Z—I: =1+ %sin(:—;) kilojoules per day. If H(t) is the total accumulated
heat loss at time t days, find the amount of heat lost in the first 150 days.

Amount of heat lost in first 150days = folsoz—lz dt
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Graph Page:
i, Do oy Graph function o
Menu->6:Analyze Graph->6:Integral 15°1+E_(E))dt w22 ) Use template key
Lowerboundary = 0 e Choose Integral
- Upperboundary=150 | Enter integral
ez wfz) | During the first 150 days, 164kJ of heat
- was lost.
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